Let X = (X, T ) be a topological space. Usually, we shall denote topological spaces by fat letters and underlying sets by non-fat letters. However, in case we consider more than one topology on the underlying set X , in order to avoid confusion, we shall prefer the ordered pair notation. Also, if (X, T ) is a topological space and A ⊂ X , then the subspace topology A inherits from X will be denoted by T A .
Within the framework of Zermelo-Fraenkel set theory ZF, we investigate the set-theoretical strength of the following statements:
(
1) For every family (A i ) i∈I of sets there exists a family (T i ) i∈I such that for every i ∈ I (A i , T i )
is a compact T 2 space.
(2) For every family (A i ) i∈I of sets there exists a family (T i ) i∈I such that for every i ∈ I (A i , T i ) is a compact, scattered, T 2 space. (3) For every set X, every compact R 1 topology (its T 0 -reflection is T 2 ) on X can be enlarged to a compact T 2 topology.
We show:
(a) (1) implies every infinite set can be split into two infinite sets.
(b) (2) iff AC.
(c) (3) and "there exists a free ultrafilter" iff AC.
We also show that if the topology of certain compact T 1 spaces can be enlarged to a compact T 2 topology then (1) holds true. But in general, compact T 1 topologies do not extend to compact T 2 ones.
The set X α , α ∈ Ord, is called the α-Cantor-Bendixson derivative of X.
Let V be a well orderable neighborhood base of the point p ∈ X . The character X (p, X, V) of the point p ∈ X with respect to V is the cardinal min{|W|: W ⊂ V is a neighborhood base of p}. Although the character of a point x ∈ X is always definable in ZF, the character of x with respect to well orderable neighborhood bases may not be defined at all in ZF. Indeed, if M is a model of ZF including an amorphous set X ( X is infinite and cannot be partitioned into two infinite sets), see [13] for such a model, then X taken with the cofinite topology is an example of a space none of whose points has a well-ordered neighborhood base.
For a locally compact, non-compact, T 2 space X = (X, R), X(a) will denote the Alexandroff one-point compactification of X. (X(a) = (X ∪ {a}, T a ), a / ∈ X and T a is the topology on X ∪ {a} in which open neighborhoods of points x ∈ X are the old R ones whereas open neighborhoods of a leave out an R-compact subset of X .)
Let X be a non-empty set and T a topology on X . We say that T is an Alexandroff topology on X in case (X, T ) is a compact T 2 space with just one non-isolated point y, i.e., X\{ y} has the discrete topology and (X, T ) = (X\{y})(y).
Given a non-empty set X disjoint from the set A we let T A X be the topology on Z A X = X ∪ A generated by the collection: 
(R): For every set X , every compact R 1 topology R on X can be enlarged to a compact T 2 topology T .
AC:
Every family of non-empty sets has a choice set.
DC:
If R is a non-empty relation on a non-empty set X such that ∀x∃y: xR y, then there exists a function f : ω → X such that f (n)R f (n + 1) for all n ∈ ω.
CAC(R):
Every countable family of non-empty subsets of the real line R has a choice function.
MC:
For every family (A i ) i∈I of non-empty sets there exists a family (B i ) i∈I of finite non-empty sets such that for every
BPI (Boolean Prime Ideal Theorem): Every Boolean algebra has a prime ideal.
UF(ω): ω has a free ultrafilter.
KWSP (Kinna-Wagner Selection Principle): For every set M there exists a function f such that for all
In this paper we shall work in ZF-AC (= the Zermelo-Fraenkel set theory ZF without AC).
Introduction and some preliminary results
If A = (A i ) i∈I is a family of finite sets then (T i = ℘ (A i )) i∈I is a family of topologies such that each (A i , T i ) is a compact T 2 space. This however is not true in case the members of A are infinite sets. (If A is an infinite set and T is the discrete topology on A then U = {{a}: a ∈ A} is an open cover of A having no finite subcover.) Hence, the question whether Note that if some weak form WF of AC implies every compact T 1 topology on a set X extends to a compact T 2 topology then, see the proof of (i) of the forthcoming Theorem 14, WF implies (A) and we have an answer to Question 1. Unfortunately this is not the case as the following example demonstrates: 
Let W be the topology which is generated on R by U (n), V (n), n ∈ N and the old open neighborhoods of points of Q .
Clearly, R is a compact T 1 -space in which the points c and d have no disjoint neighborhoods. Let T be a compact topology on the set R that enlarges W . Then:
1) Because of the local compactness of (Q , S Q ), the subspace topology T Q which Q inherits from T , coincides with S Q . (Clearly, S Q ⊆ T Q . If S Q = T Q then there exists a set A ⊂ Q which is T Q -closed but not S Q -closed. Hence, A has a limit point x ∈ Q \A. 
is a T -cover or R. Hence, by the compactness of (R, T ), U has a finite subcover. Hence, there exists x ∈ (0, 1) such that
, which contradicts either 2) or 3). Thus, T fails to be T 2 and this is a contradiction. 2
To get an insight of the nature of the problem of Question 1, note that if A is an infinite set then one cannot prove in ZF the existence of a T 2 topology T on A having just two non-isolated points. (If x and y are any two non-isolated points of A, then every neighborhood V x of x which avoids a neighborhood V y of y partitions A into the infinite sets V x and A\V x meaning that A is not an amorphous set.)
The research in this paper is motivated by Question 1. We prove in Theorem 14 that (A) is equivalent to the assertion "for every set X = {(X i , T i ): T i is the cofinite topology on X i , i ∈ I}, the one-point compactification X(a) of the topological sum X of X extends to a compact T 2 topology R" and establish in Theorem 16 that (A) is not provable in ZF. Regarding Question 1 with (B) in place of (A) the picture is more clear. We show in Theorem 17 that (B) is equivalent to AC in ZF.
In Theorem 8 we show that (R) → (A) and, in Theorems 9 and 11 we prove that AC iff (R) and UF(ω) iff (R) and "ℵ 1 is a regular cardinal".
Proposition 1. Let X be a topological space and p
We show that |V| |W| |V|. Fix a well-ordering {V i : i ∈ k} of V and {W n : n ∈ t} of W where, k, t are well-ordered cardinal numbers. Let f : k → t be the function given by: 
X is compact for every set X .
(iii) [9, 12] The Tychonoff product of compact T 2 spaces is compact.
Theorem 7. ([3]
) MC iff AC.
On extensions of certain compact topologies to compact T 2 ones in ZFC
Clearly, if X is a set and T = T A X or T is the indiscrete topology on X then, in ZF, T can be enlarged to a compact T 2 topology on X . We show next that compact R 1 topologies share this property in ZFC (= ZF and AC).
Theorem 8. AC implies (R) implies (A).
Proof. Let X = (X, T ) be a non-empty compact R 1 space. Let, by AC, A be a choice set of the family D of all maximal indiscrete subsets of X. Put B = X − A and
<ω is a base for a topology R on X that enlarges T and is closed under finite intersections. Obviously Y = (X, R) is T 2 . It remains to be shown that Y is compact. Let C be a cover of X by members of the base B. For each a ∈ A select, by AC, a member C(a) of C which contains a. Define C(a) as follows:
Then each C(a) belongs to T and contains the member D of D that contains a. Thus C = {C(a) : a ∈ A} is an open cover of X . By the compactness of X, there exists a finite subset F of A such that {C(a) : a ∈ F } covers X . If for some a ∈ F , C(a) = U − Q , add finitely many members of C to C to cover Q . Thus, by adding finitely many members of C to C we obtain a finite cover of X by members of B. Hence, Y is compact as required.
For the second implication, fix A = (A i ) i∈I a disjoint family of non-empty sets and let X = ∪A ∪ { * }, * / ∈ ∪A. Clearly, B = A ∪ {{ * } ∪ (∪{A j : j ∈ J , J is a cofinite subset of I}) is a base for a compact R 1 topology, say T , on X . Let R be a compact T 2 extension of T . It is straightforward to verify the for every i ∈ I , R A i is a compact T 2 topology on A i . Hence, (A) holds as required. 2 (ii) (R) and CAC(R) imply AC(∞, ℵ 0 ) (= AC restricted to families of countable sets).
Proof. Fix A = (A i ) i∈I a family of non-empty finite resp. countable sets such that R ∩ ∪A = ∅. (1) AC.
(2) (R) and "ℵ 1 is regular (i.e., has cofinality greater than ω)" (Form 34 in [5] ). (3) (R) and "there exists some regular ordinal ℵ (i.e., ℵ is infinite and has cofinality greater than ω)". 
By regularity of ℵ these sequences have the same least upper bound s in ℵ. By closedness of U and V , s belongs to U as well as to V , a contradiction. Thus the claim, and (3) → (4) is established.
(4) → (1). Let A = (A i ) i∈I be a family of pairwise disjoint, non-empty sets. Fix, X = (X, T ) a non-compact, locally compact T 2 space whose one-point compactification is its only T 2 compactification. For each i ∈ I form the compact R 1 space X i = (X i , T i ) as follows: X i is the disjoint union of X and A i . A subset B of X i belongs to T i iff either B ∈ T or X i − B is a compact subspace of X. Let Z, Y, R and (X i , R X i ), i ∈ I, be as in Theorem 9. For every i ∈ I let B i = cl X i (X)\X. Clearly, B i = {b i } is a singleton and {b i : i ∈ I} is a choice set for A and the proof of the theorem is established. 2 Remark 12. (i) It is known that the consistency of the assumption that no regular ordinals exist implies the consistency of some large cardinals. Vice versa, the consistency of the existence of arbitrary large strongly compact cardinals in ZFC implies the consistency of "there are no regular ordinals" in ZF. For details see [4] .
(ii) We do not know whether (R) implies AC or, equivalently if there exists in ZF a non-compact, locally compact T 2 space with exactly one T 2 compactification. It is easy to see that if ℵ 1 is regular then the one-point compactification of ℵ 1 taken with the order topology coincides with itsČech-Stone compactification. (If ℵ 1 is regular then ℵ 1 has only one closed free ultrafilter.) (iii) We also do not know if there exist, in ZF, non-compact T 2 spaces that have aČech-Stone compactification (i.e., a compact T 2 reflection).
Compact T 2 spaces in ZF
We begin this section by pointing out an instance of a family A of sets where compact T 2 dense in itself topologies on its members can be defined efficiently.
Theorem 13. If A = (A i ) i∈I is a family of well orderable sets then there exists a family T = (T i ) i∈I such that for every i ∈ I, (℘ (A i ), T i )
is a compact T 2 dense in itself space.
In particular, BPI implies "for every family A = (A i ) i∈I of sets there exists a set T = (T i ) i∈I such that for every i ∈ I, (℘ (A i ), T i ) is a compact T 2 space".
Proof. Clearly, the mapping
where X X is the characteristic function of the subset X of A i is 1 : 1 and onto. Since for a well orderable set A, 2
A is compact, see [7] , it follows that for every i ∈ I , 2 (ii) (C ω ) iff for every family of non-empty sets A, the one-point compactification X of the topological sum Y of the family of ω-spaces
(iii) (C ω ) and UF(ω) iff AC.
Proof. (i) The first equivalence (C
To see (←) of the second equivalence, fix A a disjoint family of non-empty sets and let X = (X, T ), X = ∪A ∪ { * }, * / ∈ ∪A be one-point compactification of the topological sum of the spaces (Z A , T A ), A ∈ A. Clearly, X is compact and T 1 such that each A ∈ A is a closed subset of X. Let, by our hypothesis, R be a compact T 2 extension of T . Since each A ∈ A is closed in X, it follows that A is closed in (X, R) . Hence, A = (A, R A ) is a compact T 2 subspace of (X, R) and the family (R A ) A∈A satisfies the conclusion of (A).
To see the other implication, let A and X = (X, T ) be as in the statement of the theorem. Fix, by (A), a family (R A ) A∈A such that for every A ∈ A, (A, R A ) is a compact T 2 space. Clearly, for every A ∈ A, T A ⊂ R A and T ⊂ R, where R is the topology of the one-point compactification of the topological sum Y of the family ((A, R A ) ) A∈A on X .
(ii) This can be proved as in (i). 
In particular, neither (A) nor (B) is provable in ZF and BPI does not imply (A).
Proof. (i) → (ii) Let, by AC, {c i ∈ A i : i ∈ I} be a choice set for A. Then, for every i ∈ I , the topology T c i of the space (A i \{c i })(c i ) is the required Alexandroff topology on A i .
(ii) → (iii) This follows from the observation that our hypothesis implies AC (if for every i ∈ I , T c i is an Alexandroff topology on A i , then {c i ∈ A i : i ∈ I} a choice set for A) and the fact that the conjunction of (B) and BPI is a consequence of AC. 
) i∈I is a family of closed subsets of the product Y = i∈I Y i having the fip. By Theorem 6, Y is compact and consequently ∩W = ∅. Clearly any f ∈ ∩W is a choice function for A as required.
To see the last assertion, note that in Cohen's basic model M1 in [5] BPI holds but AC fails. Thus, both (A) and (B) fail in M1 and BPI does not imply (A). 
Clearly, (A i ) i∈I a family of countable sets and let, by (A), (T i ) i∈I be a family of sets such that for every i ∈ I , (A i , T Proof. Fix A = (A i ) i∈k a disjoint family of non-empty sets. Let (T i ) i∈k satisfy the conclusion of (A) for the family A. Clearly, the topological sum Y of the family (A i ) i∈k is locally compact and the one-point compactification X(a) of Y is T 4 .
Proof. (i) Fix
(a) → (b), (a) → (c), (a) ↔ (e) are straightforward and DC → UL can be shown by adapting the usual proof of Uryshon's
Lemma as is given in [6] .
(b) → (a). Clearly, for every i ∈ k, T i coincides with the subspace topology A i inherits from X(a). Thus, each A i is a compact subspace of X(a) and by our hypothesis, A has a choice set as required.
To complete the proof of the theorem it suffices to show (d) → (a [5] .
Proof. For a description, as well as, for the weak forms of the axiom of choice holding true in the models M43, M45, M46(m, M) and M47(n, M) respectively we refer the reader in [5] .
It is known that CAC(R) and Form 214 hold true but AC, hence by Corollary 20(i) (A) also, fail in each one of the models M43, M45, M46(m, M) and M47(n, M). 2
